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Z

0, 1, 2, 3 constant

Lessthan, Increase predicate

X, Y variable

Background Knowledge 

B
Positive Example

𝒫
Negative Example

𝒩

lessthan(0,1) lessthan(1,2) lessthan(2,3)
lessthan(0,3) lessthan(0,2) . . .

increase(0,1) increase(1,2) increase(2,3)

lessthan(1,0) lessthan(2,0) lessthan(3,1) . . .

ILP lt(X,Y) :- inc(X,Y).  

lt(X,Y) :- inc(X,Z)&  
inc(Z,Y).    

Solution



• Matrix representations for logic program 

•  with the head atom , 5 possible body atoms, and 3 different rules, and one of 
matrix embedding  is: 


 


P p(X, Y)
MP ∈ [0,1]3×5

3

p(X, Z), p(Y,X), p(Y, Z), p(Z,X), p(Z, Y)
1
3

2
3

Preliminaries 
Differential logic program semantics

⇒ 1sum



Preliminaries 
Differential logic program semantics

• Vector interpretations:


• An interpretation vector  represents an interpretation in a logic program. If the 
Boolean value of  is True, then ; otherwise, 


v ∈ {0,1}m

αk ak = 1 ak = 0

v1 = [0,0,1,1,0]

4

= {p(X, Z), p(Y,X), p(Y, Z), p(Z,X), p(Z, Y)}Fbody v2 = [1,0,0,0,1]

p(Y, Z), p(Z, X)

Interpretation 1 Interpretation 2

p(X, Z), p(Z, X)



Preliminaries 
Differential logic program semantics 

Sakama et al., ASPOCP, 2018; Gao et al., Mach. Learn., 2022; 

• Deduction reasoning:


• Differentiable deduction:


• Differentiable threshold function


• Differentiable fuzzy logic (product-t norm) 


p(X, Z), p(Y,X), p(Y, Z), p(Z,X), p(Z, Y)

× [0,0,1,1,0]T (vi) = [1,0,0]T (vo)

5

θ ⇒ ϕ =
1

1 + e−α(x−1)

vo = ∨m
k=1 θ(MP[k, ⋅ ] × vT

i )

x ∨ y ⇒ 1 − (1 − x)(1 − y)



Methods

• Propositionalization method 

• Data preprocessing for relational facts


• Differentiable inductive learning 

• Learn parameters in matrix embeddings through neural networks 


• Logic rules extraction 

• Interpret symbolic logic programs from matrix embeddings

6



Propositionalization

• Transfer the relational data into 
neural network readable attribute-
valued data;


• Input: The training relational facts;


• Output: The trainable pairs of 
interpretation vectors;

7
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1. Preparation: Allocate constants to 

variables



Propositionalization
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<latexit sha1_base64="QSsxN5gKyVakdm+WOPCOsFPJ19Q=">AAACJXicbZDLSsNAFIYnXmu9RV26GSxChVISKerCRdGNywq2TS+hTKaTduhkEmYmQgl9GTe+ihsXFhFc+SpO21i09YeBj/+cw5nzexGjUlnWp7Gyura+sZnZym7v7O7tmweHNRnGApMqDlkoHA9JwignVUUVI04kCAo8Rure4HZSrz8SIWnIH9QwIm6Aepz6FCOlrY55TTnOO4XGWQHOqJlSo+DM6cdrzr2mnmiPOmbOKlpTwWWwU8iBVJWOOW53QxwHhCvMkJQt24qUmyChKGZklG3HkkQID1CPtDRyFBDpJtMrR/BUO13oh0I/ruDU/T2RoEDKYeDpzgCpvlysTcz/aq1Y+VduQnkUK8LxbJEfM6hCOIkMdqkgWLGhBoQF1X+FuI8EwkoHm9Uh2IsnL0PtvGhfFEv3pVz5Jo0jA47BCcgDG1yCMrgDFVAFGDyBF/AGxsaz8Wq8Gx+z1hUjnTkCf2R8fQOii5/X</latexit>

inc(X,Y ), inc(X,Z), inc(Y,X), inc(Y, Z), inc(Z,X), inc(Z, Y )}
<latexit sha1_base64="OITf+m59HR/DT6iGDjihVQKSehs=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZREiroRim5cVrAPSEOYTCft0MmDmUmhhK7c+CtuXCji1m9w5984bYNo67kMHM65lzv3+AlnUlnWl1FYWl5ZXSuulzY2t7Z3zN29poxTQWiDxDwWbR9LyllEG4opTtuJoDj0OW35g5uJ3xpSIVkc3atRQt0Q9yIWMIKVljzzcOgxdIUc63RWtq4f7npm2apYU6BFYuekDDnqnvnZ6cYkDWmkCMdSOraVKDfDQjHC6bjUSSVNMBngHnU0jXBIpZtNzxijY610URAL/SKFpurviQyHUo5CX3eGWPXlvDcR//OcVAWXbsaiJFU0IrNFQcqRitEkE9RlghLFR5pgIpj+KyJ9LDBROrmSDsGeP3mRNM8q9nmlelct167zOIpwAEdwAjZcQA1uoQ4NIPAAT/ACr8aj8Wy8Ge+z1oKRz+zDHxgf344ulBQ=</latexit>

vi = [0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1]
<latexit sha1_base64="5cRSpSnhFOmmly8FEol1twnW+V0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRS8eK9gP2C4lm2bb0GyyJNlCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTju/nfmdClWZSPJlpQoMYDwWLGMHGSp1JX976XtAvV9yquwBaJ15OKpCj2S9/9QaSpDEVhnCste+5iQkyrAwjnM5KvVTTBJMxHlLfUoFjqoNsce4MXVhlgCKpbAmDFurviQzHWk/j0HbG2Iz0qjcX//P81EQ3QcZEkhoqyHJRlHJkJJr/jgZMUWL41BJMFLO3IjLCChNjEyrZELzVl9dJ+6rq1au1x1qlcZfHUYQzOIdL8OAaGvAATWgBgTE8wyu8OYnz4rw7H8vWgpPPnMIfOJ8/wZqPMw==</latexit>

vo = [1]

…

<latexit sha1_base64="Nq0Oh8lyaybWO53TTUNE2IajNV4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZREiroRim5cVrAPSEOYTCft0MmDmUmhhK7c+CtuXCji1m9w5984bbPQtudy4XDOvczc4yecSWVZP0ZhZXVtfaO4Wdra3tndM/cPmjJOBaENEvNYtH0sKWcRbSimOG0nguLQ57TlD+4mfmtIhWRx9KhGCXVD3ItYwAhWWvLM46HH0A1yrPMl5Xpm2apYU6BFYuekDDnqnvnd6cYkDWmkCMdSOraVKDfDQjHC6bjUSSVNMBngHnU0jXBIpZtNzxijU610URAL3ZFCU/XvRoZDKUehrydDrPpy3puIyzwnVcG1m7EoSRWNyOyhIOVIxWiSCeoyQYniI00wEUz/FZE+FpgonVxJh2DPn7xImhcV+7JSfaiWa7d5HEU4ghM4AxuuoAb3UIcGEHiCF3iDd+PZeDU+jM/ZaMHIdw7hH4yvX4mJlBE=</latexit>

vi = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
<latexit sha1_base64="ywnj5+xuPpbqRyKZwEr656oNJbM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVol6EohePFewHbpclm2bb0GyyJNlCKf0XXjwo4tV/481/Y9ruQVsfDDzem2FmXpRypo3rfjuFtfWNza3idmlnd2//oHx41NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOhnczvz2iSjMpHs04pUGC+4LFjGBjpadRKNEN8rthEJYrbtWdA60SLycVyNEIy1/dniRZQoUhHGvte25qgglWhhFOp6VupmmKyRD3qW+pwAnVwWR+8RSdWaWHYqlsCYPm6u+JCU60HieR7UywGehlbyb+5/mZia+DCRNpZqggi0VxxpGRaPY+6jFFieFjSzBRzN6KyAArTIwNqWRD8JZfXiWti6p3Wa091Cr12zyOIpzAKZyDB1dQh3toQBMICHiGV3hztPPivDsfi9aCk88cwx84nz9pfZAb</latexit>

vo = [ ]

❌

<latexit sha1_base64="1GCCJv0EeNKZyf1B0MmwuD7NSl4=">AAACWnicbVFba8IwGE27i1p36S5vewmTyR5E2iHbXgayvezRwbyALSWNUYPpZUkqiPgn9zIG+yuDpbUyp/vCCYfzndxO/JhRIS3rU9N3dvf2C8WSUT44PDo2T047Iko4Jm0csYj3fCQIoyFpSyoZ6cWcoMBnpOtPntJ+d0q4oFH4KmcxcQM0CumQYiSV5JlvU4/C6gPsWzWrZmdI5+WwXeg4xsqx0u11ZI6qMx1EUqybrd9NcuRm6JkVq25lBbeJnZMKyKvlme/OIMJJQEKJGRKib1uxdOeIS4oZWRhOIkiM8ASNSF/REAVEuPMsmgW8UsoADiOuEEqYqesr5igQYhb4yhkgORabvVT8r9dP5PDendMwTiQJ8fKgYcKgjGCaMxxQTrBkM0UQ5lTdFeIx4ghL9RuGCsHefPI26dzU7dt646VRaT7mcRTBBbgE18AGd6AJnkELtAEGH+Bb29cK2peu6yW9vLTqWr7mDPwp/fwHhlakow==</latexit>

vi = [0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 1]

vi = [1, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1]

...

vi = [0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 1]

❌ ❌ ❌

<latexit sha1_base64="W8+/KtQLKDvNe5ob7zGvG093LBw=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARWgglkaJuhKIgLivYNr2EMJlO26GTCzMToYS+iBtfxY0LRVy4Ed/GaZuCtv4w8PGfczhzfi9iVEjT/NYyK6tr6xvZzdzW9s7unr5/UBdhzDGp4ZCF3PaQIIwGpCapZMSOOEG+x0jDG15P6o0HwgUNg3s5iojjo35AexQjqSxXL1fdG3gJOwmTBdtoFQ2ooGnYc0id1txpGc2i4ep5s2ROBZfBSiEPUlVd/bPTDXHsk0BihoRoW2YknQRxSTEj41wnFiRCeIj6pK0wQD4RTjK9bgxPlNOFvZCrF0g4dX9PJMgXYuR7qtNHciAWaxPzv1o7lr0LJ6FBFEsS4NmiXsygDOEkKtilnGDJRgoQ5lT9FeIB4ghLFWhOhWAtnrwM9dOSdVYq35Xzlas0jiw4AsegACxwDirgFlRBDWDwCJ7BK3jTnrQX7V37mLVmtHTmEPyR9vUDo5KcrQ==</latexit>

PF = {lt(X,Z), lt(Y,X), lt(Y, Z), lt(Z,X), lt(Z, Y ),
<latexit sha1_base64="QSsxN5gKyVakdm+WOPCOsFPJ19Q=">AAACJXicbZDLSsNAFIYnXmu9RV26GSxChVISKerCRdGNywq2TS+hTKaTduhkEmYmQgl9GTe+ihsXFhFc+SpO21i09YeBj/+cw5nzexGjUlnWp7Gyura+sZnZym7v7O7tmweHNRnGApMqDlkoHA9JwignVUUVI04kCAo8Rure4HZSrz8SIWnIH9QwIm6Aepz6FCOlrY55TTnOO4XGWQHOqJlSo+DM6cdrzr2mnmiPOmbOKlpTwWWwU8iBVJWOOW53QxwHhCvMkJQt24qUmyChKGZklG3HkkQID1CPtDRyFBDpJtMrR/BUO13oh0I/ruDU/T2RoEDKYeDpzgCpvlysTcz/aq1Y+VduQnkUK8LxbJEfM6hCOIkMdqkgWLGhBoQF1X+FuI8EwkoHm9Uh2IsnL0PtvGhfFEv3pVz5Jo0jA47BCcgDG1yCMrgDFVAFGDyBF/AGxsaz8Wq8Gx+z1hUjnTkCf2R8fQOii5/X</latexit>

inc(X,Y ), inc(X,Z), inc(Y,X), inc(Y, Z), inc(Z,X), inc(Z, Y )}

❌ ❌ ❌

3. Examination: Delete the noisy data and features

<latexit sha1_base64="sDqeUxfJFZg9jrplEmBANLASfg8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKtg20oWy223bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPth9RwKRRvoEDJ/URzGoWSt8LRzdRvPXJtRKzucZzwIKIDJfqCUbSS30H+hJk/6ZYrbtWdgSwTLycVyFHvlr86vZilEVfIJDWm7bkJBhnVKJjkk1InNTyhbEQHvG2pohE3QTa7d0JOrNIj/VjbUkhm6u+JjEbGjKPQdkYUh2bRm4r/ee0U+1dBJlSSIldsvqifSoIxmT5PekJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3oX1fO780rtOo+jCEdwDKfgwSXU4Bbq0AAGEp7hFd6cB+fFeXc+5q0FJ585hD9wPn8AeQqQRA==</latexit>

X
<latexit sha1_base64="TTFp0+jugq5u4HAktou3I7ijPbY=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkYeBDZkdBpgwO7vO9BrJhp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6w3HM/ZAOlOgLRtFKrQ7yJ0zvJ91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/DmPDgvzrvzMW/NOdnMIfyB8/kDeo+QRQ==</latexit>

Y
<latexit sha1_base64="bUJz/g3cjTLY7EGf7jPcdXL4tIk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUeEDZkdBpgwO7vO9BrJhp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6w3HM/ZAOlOgLRtFKrQ7yJ0zvJ91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/DmPDgvzrvzMW/NOdnMIfyB8/kDfBSQRg==</latexit>

Z
<latexit sha1_base64="MW6kCSv9y6kL4lLYC9mklsMOHUo=">AAACEnicbZDLSsNAFIYnXmu9RV26GSxCA6EkbVE3QtGNy4r2Ak0ok+mkHTq5MDMRSugzuPFV3LhQxK0rd76N0zQLbf1h4OM/58zM+b2YUSEt61tbWV1b39gsbBW3d3b39vWDw7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeOPrWb3zQLigUXgvJzFxAzQMqU8xksrq68YdvIROCsuWaZuWYZoZ2IYJnUEkhQnLVbNm1gxn2tdLVsXKBJfBzqEEcjX7+pe6AicBCSVmSIiebcXSTRGXFDMyLTqJIDHCYzQkPYUhCohw02ylKTxVzgD6EVcnlDBzf0+kKBBiEniqM0ByJBZrM/O/Wi+R/oWb0jBOJAnx/CE/YVBGcJYPHFBOsGQTBQhzqv4K8QhxhKVKsahCsBdXXoZ2tWKfVeq39VLjKo+jAI7BCSgDG5yDBrgBTdACGDyCZ/AK3rQn7UV71z7mrStaPnME/kj7/AFaq5eq</latexit>

S = {(0, 1, 0), , (0, 1, 1), . . . , (2, 3, 3)}

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ <latexit sha1_base64="6yuwF/bNiPr7+PQ/gmV2D0g0tpo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHSMwDkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo7uZ33ri2ohYPeI44X5EB0qEglG0Uv2G1HvFklt25yCrxMtICTLUesWvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yP3VKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMz+Jn2hOUM5toQyLeythA2ppgxtOgUbgrf88ippXpS9y3LloVKq3mZx5OEETuEcPLiCKtxDDRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHiHqNUQ==</latexit>

= S

<latexit sha1_base64="W8+/KtQLKDvNe5ob7zGvG093LBw=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARWgglkaJuhKIgLivYNr2EMJlO26GTCzMToYS+iBtfxY0LRVy4Ed/GaZuCtv4w8PGfczhzfi9iVEjT/NYyK6tr6xvZzdzW9s7unr5/UBdhzDGp4ZCF3PaQIIwGpCapZMSOOEG+x0jDG15P6o0HwgUNg3s5iojjo35AexQjqSxXL1fdG3gJOwmTBdtoFQ2ooGnYc0id1txpGc2i4ep5s2ROBZfBSiEPUlVd/bPTDXHsk0BihoRoW2YknQRxSTEj41wnFiRCeIj6pK0wQD4RTjK9bgxPlNOFvZCrF0g4dX9PJMgXYuR7qtNHciAWaxPzv1o7lr0LJ6FBFEsS4NmiXsygDOEkKtilnGDJRgoQ5lT9FeIB4ghLFWhOhWAtnrwM9dOSdVYq35Xzlas0jiw4AsegACxwDirgFlRBDWDwCJ7BK3jTnrQX7V37mLVmtHTmEPyR9vUDo5KcrQ==</latexit>

PF = {lt(X,Z), lt(Y,X), lt(Y, Z), lt(Z,X), lt(Z, Y ),
<latexit sha1_base64="QSsxN5gKyVakdm+WOPCOsFPJ19Q=">AAACJXicbZDLSsNAFIYnXmu9RV26GSxChVISKerCRdGNywq2TS+hTKaTduhkEmYmQgl9GTe+ihsXFhFc+SpO21i09YeBj/+cw5nzexGjUlnWp7Gyura+sZnZym7v7O7tmweHNRnGApMqDlkoHA9JwignVUUVI04kCAo8Rure4HZSrz8SIWnIH9QwIm6Aepz6FCOlrY55TTnOO4XGWQHOqJlSo+DM6cdrzr2mnmiPOmbOKlpTwWWwU8iBVJWOOW53QxwHhCvMkJQt24qUmyChKGZklG3HkkQID1CPtDRyFBDpJtMrR/BUO13oh0I/ruDU/T2RoEDKYeDpzgCpvlysTcz/aq1Y+VduQnkUK8LxbJEfM6hCOIkMdqkgWLGhBoQF1X+FuI8EwkoHm9Uh2IsnL0PtvGhfFEv3pVz5Jo0jA47BCcgDG1yCMrgDFVAFGDyBF/AGxsaz8Wq8Gx+z1hUjnTkCf2R8fQOii5/X</latexit>

inc(X,Y ), inc(X,Z), inc(Y,X), inc(Y, Z), inc(Z,X), inc(Z, Y )}
<latexit sha1_base64="OITf+m59HR/DT6iGDjihVQKSehs=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZREiroRim5cVrAPSEOYTCft0MmDmUmhhK7c+CtuXCji1m9w5984bYNo67kMHM65lzv3+AlnUlnWl1FYWl5ZXSuulzY2t7Z3zN29poxTQWiDxDwWbR9LyllEG4opTtuJoDj0OW35g5uJ3xpSIVkc3atRQt0Q9yIWMIKVljzzcOgxdIUc63RWtq4f7npm2apYU6BFYuekDDnqnvnZ6cYkDWmkCMdSOraVKDfDQjHC6bjUSSVNMBngHnU0jXBIpZtNzxijY610URAL/SKFpurviQyHUo5CX3eGWPXlvDcR//OcVAWXbsaiJFU0IrNFQcqRitEkE9RlghLFR5pgIpj+KyJ9LDBROrmSDsGeP3mRNM8q9nmlelct167zOIpwAEdwAjZcQA1uoQ4NIPAAT/ACr8aj8Wy8Ge+z1oKRz+zDHxgf344ulBQ=</latexit>

vi = [0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1]
<latexit sha1_base64="5cRSpSnhFOmmly8FEol1twnW+V0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IRS8eK9gP2C4lm2bb0GyyJNlCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTju/nfmdClWZSPJlpQoMYDwWLGMHGSp1JX976XtAvV9yquwBaJ15OKpCj2S9/9QaSpDEVhnCste+5iQkyrAwjnM5KvVTTBJMxHlLfUoFjqoNsce4MXVhlgCKpbAmDFurviQzHWk/j0HbG2Iz0qjcX//P81EQ3QcZEkhoqyHJRlHJkJJr/jgZMUWL41BJMFLO3IjLCChNjEyrZELzVl9dJ+6rq1au1x1qlcZfHUYQzOIdL8OAaGvAATWgBgTE8wyu8OYnz4rw7H8vWgpPPnMIfOJ8/wZqPMw==</latexit>

vo = [1]

…

<latexit sha1_base64="Nq0Oh8lyaybWO53TTUNE2IajNV4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZREiroRim5cVrAPSEOYTCft0MmDmUmhhK7c+CtuXCji1m9w5984bbPQtudy4XDOvczc4yecSWVZP0ZhZXVtfaO4Wdra3tndM/cPmjJOBaENEvNYtH0sKWcRbSimOG0nguLQ57TlD+4mfmtIhWRx9KhGCXVD3ItYwAhWWvLM46HH0A1yrPMl5Xpm2apYU6BFYuekDDnqnvnd6cYkDWmkCMdSOraVKDfDQjHC6bjUSSVNMBngHnU0jXBIpZtNzxijU610URAL3ZFCU/XvRoZDKUehrydDrPpy3puIyzwnVcG1m7EoSRWNyOyhIOVIxWiSCeoyQYniI00wEUz/FZE+FpgonVxJh2DPn7xImhcV+7JSfaiWa7d5HEU4ghM4AxuuoAb3UIcGEHiCF3iDd+PZeDU+jM/ZaMHIdw7hH4yvX4mJlBE=</latexit>

vi = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
<latexit sha1_base64="ywnj5+xuPpbqRyKZwEr656oNJbM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVol6EohePFewHbpclm2bb0GyyJNlCKf0XXjwo4tV/481/Y9ruQVsfDDzem2FmXpRypo3rfjuFtfWNza3idmlnd2//oHx41NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOhnczvz2iSjMpHs04pUGC+4LFjGBjpadRKNEN8rthEJYrbtWdA60SLycVyNEIy1/dniRZQoUhHGvte25qgglWhhFOp6VupmmKyRD3qW+pwAnVwWR+8RSdWaWHYqlsCYPm6u+JCU60HieR7UywGehlbyb+5/mZia+DCRNpZqggi0VxxpGRaPY+6jFFieFjSzBRzN6KyAArTIwNqWRD8JZfXiWti6p3Wa091Cr12zyOIpzAKZyDB1dQh3toQBMICHiGV3hztPPivDsfi9aCk88cwx84nz9pfZAb</latexit>

vo = [ ]

❌

<latexit sha1_base64="1GCCJv0EeNKZyf1B0MmwuD7NSl4=">AAACWnicbVFba8IwGE27i1p36S5vewmTyR5E2iHbXgayvezRwbyALSWNUYPpZUkqiPgn9zIG+yuDpbUyp/vCCYfzndxO/JhRIS3rU9N3dvf2C8WSUT44PDo2T047Iko4Jm0csYj3fCQIoyFpSyoZ6cWcoMBnpOtPntJ+d0q4oFH4KmcxcQM0CumQYiSV5JlvU4/C6gPsWzWrZmdI5+WwXeg4xsqx0u11ZI6qMx1EUqybrd9NcuRm6JkVq25lBbeJnZMKyKvlme/OIMJJQEKJGRKib1uxdOeIS4oZWRhOIkiM8ASNSF/REAVEuPMsmgW8UsoADiOuEEqYqesr5igQYhb4yhkgORabvVT8r9dP5PDendMwTiQJ8fKgYcKgjGCaMxxQTrBkM0UQ5lTdFeIx4ghL9RuGCsHefPI26dzU7dt646VRaT7mcRTBBbgE18AGd6AJnkELtAEGH+Bb29cK2peu6yW9vLTqWr7mDPwp/fwHhlakow==</latexit>

vi = [0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 1]

vi = [1, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1]

...

vi = [0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 1]

❌ ❌ ❌

<latexit sha1_base64="W8+/KtQLKDvNe5ob7zGvG093LBw=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARWgglkaJuhKIgLivYNr2EMJlO26GTCzMToYS+iBtfxY0LRVy4Ed/GaZuCtv4w8PGfczhzfi9iVEjT/NYyK6tr6xvZzdzW9s7unr5/UBdhzDGp4ZCF3PaQIIwGpCapZMSOOEG+x0jDG15P6o0HwgUNg3s5iojjo35AexQjqSxXL1fdG3gJOwmTBdtoFQ2ooGnYc0id1txpGc2i4ep5s2ROBZfBSiEPUlVd/bPTDXHsk0BihoRoW2YknQRxSTEj41wnFiRCeIj6pK0wQD4RTjK9bgxPlNOFvZCrF0g4dX9PJMgXYuR7qtNHciAWaxPzv1o7lr0LJ6FBFEsS4NmiXsygDOEkKtilnGDJRgoQ5lT9FeIB4ghLFWhOhWAtnrwM9dOSdVYq35Xzlas0jiw4AsegACxwDirgFlRBDWDwCJ7BK3jTnrQX7V37mLVmtHTmEPyR9vUDo5KcrQ==</latexit>

PF = {lt(X,Z), lt(Y,X), lt(Y, Z), lt(Z,X), lt(Z, Y ),
<latexit sha1_base64="QSsxN5gKyVakdm+WOPCOsFPJ19Q=">AAACJXicbZDLSsNAFIYnXmu9RV26GSxChVISKerCRdGNywq2TS+hTKaTduhkEmYmQgl9GTe+ihsXFhFc+SpO21i09YeBj/+cw5nzexGjUlnWp7Gyura+sZnZym7v7O7tmweHNRnGApMqDlkoHA9JwignVUUVI04kCAo8Rure4HZSrz8SIWnIH9QwIm6Aepz6FCOlrY55TTnOO4XGWQHOqJlSo+DM6cdrzr2mnmiPOmbOKlpTwWWwU8iBVJWOOW53QxwHhCvMkJQt24qUmyChKGZklG3HkkQID1CPtDRyFBDpJtMrR/BUO13oh0I/ruDU/T2RoEDKYeDpzgCpvlysTcz/aq1Y+VduQnkUK8LxbJEfM6hCOIkMdqkgWLGhBoQF1X+FuI8EwkoHm9Uh2IsnL0PtvGhfFEv3pVz5Jo0jA47BCcgDG1yCMrgDFVAFGDyBF/AGxsaz8Wq8Gx+z1hUjnTkCf2R8fQOii5/X</latexit>

inc(X,Y ), inc(X,Z), inc(Y,X), inc(Y, Z), inc(Z,X), inc(Z, Y )}

❌ ❌ ❌

	 2. Generation: Compute all substitutions and generate all input 
and output vector interpretation



Propositionalization

• number of valid first-order features: ;


•  iff , where  is the differentiable deduction 
reasoning of a logic program . 


∣ vi ∣ = C

Io = TP(Ii) vo = DP(vi) DP
P

9

0

1

3

2

X Y
P 

increase

lessthan*

<latexit sha1_base64="ZfrwJZShaQsz0YoVEJTg1k8jVgM=">AAAB/3icbVA9SwNBEN2LXzF+nQo2NotBiCDhToJaBm0sLCKYD0lC2NvsJUv29o7dOSWcKfwrNhaK2Po37Pw3bpIrNPHBwOO9GWbmeZHgGhzn28osLC4tr2RXc2vrG5tb9vZOTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLo3uBz79XumNA/lLQwj1g5IT3KfUwJG6th7rWvmg+K9PhClwgccFRrHd0cdO+8UnQnwPHFTkkcpKh37q9UNaRwwCVQQrZuuE0E7IQo4FWyUa8WaRYQOSI81DZUkYLqdTO4f4UOjdLEfKlMS8ET9PZGQQOth4JnOgEBfz3pj8T+vGYN/3k64jGJgkk4X+bHAEOJxGLjLFaMghoYQqri5FdM+UYSCiSxnQnBnX54ntZOie1os3ZTy5Ys0jizaRweogFx0hsroClVQFVH0iJ7RK3qznqwX6936mLZmrHRmF/2B9fkDE/SVfg==</latexit>

, p(X,Y )

<latexit sha1_base64="3uD6/ciaYE55bI6JvYGDFitcEN8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgopREiroRim5cVrAPbUKZTCbt0MmDmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLvdwzr3MneMlnEllWd/GwuLS8spqYa24vrG5tW3u7DZlnApCGyTmsWh7WFLOItpQTHHaTgTFocdpyxtcjf3WAxWSxdGtGibUDXEvYgEjWGmpa+776ALZZdTUzcna5bvyvTPqmiWrYk2A5omdkxLkqHfNL8ePSRrSSBGOpezYVqLcDAvFCKejopNKmmAywD3a0TTCIZVuNrl+hI604qMgFroihSbq740Mh1IOQ09Phlj15aw3Fv/zOqkKzt2MRUmqaESmDwUpRypG4yiQzwQlig81wUQwfSsifSwwUTqwog7Bnv3yPGmeVOzTSvWmWqpd5nEU4AAO4RhsOIMaXEMdGkDgEZ7hFd6MJ+PFeDc+pqMLRr6zB39gfP4AkTmSwA==</latexit>

d = 1, V = {X,Y, Z}

0
1
2

1
2
3

0
1
2
3

<latexit sha1_base64="sDqeUxfJFZg9jrplEmBANLASfg8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKtg20oWy223bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPth9RwKRRvoEDJ/URzGoWSt8LRzdRvPXJtRKzucZzwIKIDJfqCUbSS30H+hJk/6ZYrbtWdgSwTLycVyFHvlr86vZilEVfIJDWm7bkJBhnVKJjkk1InNTyhbEQHvG2pohE3QTa7d0JOrNIj/VjbUkhm6u+JjEbGjKPQdkYUh2bRm4r/ee0U+1dBJlSSIldsvqifSoIxmT5PekJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8q3oX1fO780rtOo+jCEdwDKfgwSXU4Bbq0AAGEp7hFd6cB+fFeXc+5q0FJ585hD9wPn8AeQqQRA==</latexit>

X
<latexit sha1_base64="TTFp0+jugq5u4HAktou3I7ijPbY=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkYeBDZkdBpgwO7vO9BrJhp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6w3HM/ZAOlOgLRtFKrQ7yJ0zvJ91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/DmPDgvzrvzMW/NOdnMIfyB8/kDeo+QRQ==</latexit>

Y
<latexit sha1_base64="bUJz/g3cjTLY7EGf7jPcdXL4tIk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUeEDZkdBpgwO7vO9BrJhp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6w3HM/ZAOlOgLRtFKrQ7yJ0zvJ91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/DmPDgvzrvzMW/NOdnMIfyB8/kDfBSQRg==</latexit>

Z

([0,0,0,1,1,0,0,0,1], [1])

([0,0,0,0,1,0,1,0,0], [0])

([1,0,1,0,1,0,1,0,1], [1])

…



• Trainable matrix  


•  - the number of rules headed by target predicate


•  - valid first-order features


• Trainable matrix  


•  - number of rules headed by target predicate


•  - number of rules headed by auxiliary predicates

MS
P ∈ [0,1]m1×C

m1

C

MA
P ∈ [0,1]m2×na×C

m2

na

Differentiable Inductive Learning 
Matrix Representation

10

m1

C

MS
P

Rule with  
target predicate

m2

C
average

⇒
MA′ 

P

m2

C

na = 3
MA

P
Rule with  

auxiliary predicate
Rule with  

target predicate



Differentiable Inductive Learning 
Matrix Representation

• The reason for applying average operation:


• Keep the non-zero values index information from  to 


• Increase the trainable parameters


MA
P MA′ 

P

11

MA′ 

PMA
P

Average

Embed Interpret



Differentiable Inductive Learning 
Constraint Functions

• Inference loss: 


12

MP

m1

C

m2

× [0,0,0,1,1,0,0,0,1] ⇒ v′ o



• Generate rules with the forward-chained format:


 


• Basic constraint: The body of each rule in an LP contains all variables that appear in the 
head atom.


• Occurrence constraint: In the body of each rule, the number of occurrences of each 
variable that does not appear in the header atom is not one.

pt(X, Y) ← p1(X, Z1) ∧ p2(Z1, Z2) ∧ … ∧ pn+1(Zn, Y)
Body variables

Differentiable Inductive Learning  
Forward-chained formats

13

Head variables



Differentiable Inductive Learning  
Forward-chained formats

• Generate rules with the forward-chained format:


 


• Basic constraint: The body of each rule in an LP contains all variables that appear in the 
head atom.


• Occurrence constraint: In the body of each rule, the number of occurrences of each 
variable that does not appear in the header atom is not one.

pt(X, Y) ← p1(X, Z1) ∧ p2(Z1, Z2) ∧ … ∧ pn+1(Zn, Y)

14

n(Z1) ≥ 2



Differentiable Inductive Learning 
Constraint Functions

• Number of variables in head predicate ; 
Number of variable depth .


• Basic embedding: Atom -> 


• Occurrence embedding: Atom -> 



• Basic Loss, Occurrence Loss

a
d

{0,1}a

{0,1}d

15

pt(X, Y ) ⇒ [1,1]
pt(X, Z) ⇒ [1,0]
pt(Z, Y ) ⇒ [0,1]

Basic embeddings

pt(X, Y ) ⇒ [0]
pt(X, Z) ⇒ [1]
pt(Z, Y ) ⇒ [1]

Occurrence embeddings

F(x) = a ⋅ eb−c(x−d)2

MP

m1

C

m2



Differentiable Inductive Learning 
Constraint Functions

• Sum loss:


  


• Similar loss:


• Each row in  have more dissimilarities. 


• The rows in trainable matrix  and trained-well 
correct matrix  have more dissimilarities. 

MP

MP
Mprior

16

LS =
m

∑
k=1

MSE(
C

∑
i

MP[k, i],1)

⇒
sum 1

mp

C

Mprior

MP

m1

C

m2

Increase 
 dissimilarities



Logical Rules Extraction

• Use a series of thresholds called  to extract 
rules from , and use Datalog to check the 
precision  of a rule: 


•  - the number of substitutions meet both 
head and body of a rule


•  - the number of substitutions meet only 
body of a rule 


• Use  to select the rules which precision 
values are larger than it.


• Use accuracy (recall) to indicate the ratio of 
the covered positive test examples. 

τf
MPnr

nb

nr

nb

τs

17

p(X, Y) ← p(Z, X)

τf = {0,0.2,…,0.9}

τs = 0.5

0.2

1.0

1.0

1.0

1.0

1.0

1.0



The program in Grandparents dataset

• From ILP datasets, the 
generated rules have:


• , so the precision values are 1. 


• Accuracy value is 100%.

τs = 1

18

The program in Even dataset

Experimental Results

The learned matrix MP



Experimental Results

• From fuzzy data, we let 


• 


• 


• For the mislabeled data, both positive 
and negative training examples are 
mislabeled:


•   ranging from 0.05 to 1 with step 
0.05. 

ε ∼ N(0,σ2)

p+
i = min(1 − ε,1)

p−
i = max(ε,0)

μ

19

When  and accuracy is 100%, the largest 
standard deviation  and mislabeling rate 

τs = 1
σ μ



• From knowledge graph datasets, 


• Set ;


• Check the HIT@n and MRR on three 
knowledge graph datasets. 

τs = 0.3

20

The program in Country-S1 dataset

Experimental Results



Conclusion and Future Work

• Conclusion


• DFOL generates first-order logic 
programs usually with variable 
depth 1 or 2;


• DFOL is a fast, precise, robust, 
scalable rule learner.

21

• Future Work


• Larger variable depth  


• Support negation and function in logic 
programs 



Thanks for your attention！
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